In this work, we propose an efficient selective retransmission method for multiple-input and multipleoutput (MIMO) wireless systems under orthogonal frequency-division multiplexing (OFDM) signaling. A typical received OFDM frame may have some symbols in error, which results in a retransmission of the entire frame. Such a retransmission is often unnecessary, and to avoid this, we propose a method to selectively retransmit symbols that correspond to poor-quality subcarriers. We use the condition numbers of the subcarrier channel matrices of the MIMO-OFDM system as a quality measure. The proposed scheme is embedded in the modulation layer and is independent of conventional hybrid automatic repeat request (HARQ) methods. The receiver integrates the original OFDM and the punctured retransmitted OFDM signals for more reliable detection. The targeted retransmission results in fewer negative acknowledgements from conventional HARQ algorithms, which results in increasing bandwidth and power efficiency. We investigate the efficacy of the proposed method for optimal and suboptimal receivers. The simulation results demonstrate the efficacy of the proposed method on throughput for MIMO-OFDM systems.
I. Introduction
Over the past decade, multiple-input and multiple-output (MIMO) communication systems have been the focus of the research community due to their potential ability to achieve system capacity and channel diversity [1] - [3] . Orthogonal frequency-division multiplexing (OFDM) and orthogonal frequency-division multiple access (OFDMA) technologies allow low-complexity receiver design with frequency diversity that is suitable for resource allocation. Consequently, MIMO-OFDM and OFDMA modulations are embedded in contemporary wireless communication standards, such as Long-Term Evolution (LTE) [4] . The complexity of an optimal receiver for MIMO-OFDM systems grows exponentially with the number of transmitting antennas and constellation size. Thus, suboptimal receiver designs, such as that of a zeroforcing (ZF) equalizer, provide a trade-off between complexity and performance.
In spite of the capacity and diversity gains offered by MIMO-OFDM communication systems, wireless signals inevitably encounter channel distortions and fading, which results in packet errors. The automatic repeat request (ARQ) is an effective method to achieve error-free transmission by retransmitting bad packets. Forward error correction (FEC) codes substantially enhance the reliability of the decoded bit stream to reduce packet loss. HARQ methods are powerful means of combating channel distortion to ensure an error-free and high-throughput communication link by integrating observations of multiple transmissions corresponding to the same packet. Thus, HARQ retransmission methods are a key feature of recent wireless communications [4] . Conventional HARQ methods overcome the drawback of disjoint ARQ and FEC codes design [5] by exploiting observations from multiple transmissions to perform joint decoding. In Chase combining HARQ (CC-HARQ), also known as HARQ Type-I, when decoding errors occur, the receiver saves observations corresponding to the bad packet in a buffer and requests the retransmission of the same information by sending a NACK signal. Due to independent channel realizations, joint decoding at the receiver achieves diversity gain, which results in a low bit error rate (BER). However, in incremental redundancy HARQ (IR-HARQ), also known as Type-II HARQ Type-II, if the cyclic redundancy check fails, then the receiver sends a NACK signal to the transmitter. In response to the NACK signal, it transmits additional parity bits. In Type-III HARQ, in response to the NACK signal, the transmitter retransmits information bits of the code word (similar to Chase combining) and additional parity bits [4] . Thus, Type-III HARQ is a combination of CC-HARQ and IR-HARQ. There are multiple rounds of HARQ until an error-free packet is received or the maximum number of retransmission rounds is met. Note that FEC decoders have high complexity; therefore, fewer HARQ retransmission rounds result in lower computational costs.
Most of the research on HARQ involves ARQ and FEC [6] - [10] . Very little research is conducted on diversity combining techniques [11] - [13] at the modulation layer to enhance power and bandwidth efficiency. The methods in [11] - [13] retransmit partial information in a predetermined fashion without exploiting channel state information (CSI). Furthermore, these methods have high joint decoding complexity for frequency-selective channels. Recent work in [14] proposes selective retransmission at the modulation layer for single-input-single-output (SISO) systems for OFDM signaling. The selective retransmission approach in [14] targets information symbols corresponding to low-gain subcarriers for retransmission.
In this paper, we extend the work in [14] for MIMO-OFDM systems. In SISO-OFDM systems, the subcarrier channel norm is a measure of channel quality. However, for MIMO-OFDM systems, the norm of the channel matrix, ( ), H  of the th  subcarrier is not a good measure of channel quality [15] - [16] . The condition number of the channel matrix of a MIMO-OFDM subcarrier provides a good measure of the quality of the subcarrier, especially for suboptimal receivers at high signal-to-noise ratio (SNR) [17] . Several reports discuss the impact of the condition number on channel quality [18] - [20] . The impact of condition number on the received SNR is presented in [18] - [19] . In the proposed selective retransmission approach for MIMO-OFDM systems, we use condition number ( )   as a measure of channel quality to select the subcarriers for retransmission. The motivation for selective retransmission stems from the fact that in a typical failed packet there are fewer corrupt bits. The full retransmission of the packet is unnecessary, and the receiver can recover from error using only a partial retransmitting of the packet. The MIMO-OFDM signaling allows retransmission of susceptible symbols corresponding to those subcarriers that have a large condition number. In [17] , the condition number of the MIMO channel is used to choose a modulation scheme. In the proposed method, we use the condition number ( )   of the channel matrix corresponding to the th  subcarrier as an indicator of channel quality for selective retransmission. We select poor-quality (large condition number) subcarriers for retransmission. The proposed receiver computes the condition numbers of N s subcarriers and the log-likelihood ratio (LLR) from the observations corresponding to good-quality subcarriers. The observations corresponding to the poor-quality subcarriers are preserved, and this is then followed by the selective retransmission request to the transmitter at the modulation level. The proposed selective retransmission method is independent of conventional ARQ and HARQ protocols. We investigate the throughput gain of the selective retransmission method under MIMO-OFDM signaling over conventional ARQ and HARQ methods. We also provide throughput analysis of the proposed approach for optimal and suboptimal decoding methods. Note that the selective retransmission at the modulation level is independent of conventional HARQ and is effective to lower the average number of retransmissions. As a result of the low average number of retransmissions, the conventional HARQ methods achieve higher throughput with lower complexity.
Note that for SISO-OFDM systems, receiver complexity is much lower as compared to MIMO-OFDM systems, especially for maximum-likelihood (ML) decoders. In MIMO-OFDM systems, the complexity of ML decoding increases exponentially with the number of transmitting antennas and cardinality of the constellation set A. Thus, the complexity of ML receivers for MIMO-OFDM systems is not tractable for large numbers of transmitting antennas or the constellation set A. Suboptimal decoding methods, such as ZF and minimum mean square error (MMSE), offer viable alternative at the expense of performance loss. In this work, we investigate the efficacy of the proposed selective retransmission on conventional HARQ methods for optimal and suboptimal decoders.
We organize this manuscript as follows. First, we present the system model and problem formulation of selective HARQ in Section II. In Section III-1, we discuss the optimal and suboptimal receivers to compute LLR. The selective retransmission method and throughput analysis are provided in Section III-2. The performance of the proposed method is presented in Section IV. Finally, we present the conclusion in Section V.
II. System Model and Problem Formulation 1. System Model
We consider a MIMO communication system under OFDM signaling over a frequency-selective channel with bitinterleaved coded modulation (BICM) [21] - [22] . The transmitter and receiver are equipped with n t and n r antennas, respectively. The information bit vector, u, is encoded by an FEC encoder to form a codeword, .  The codeword  is then interleaved by an interleaver, π, into a bit vector,   . The interleaved bit vector   is mapped onto the symbol set A and then circularly demultiplexed into n t symbol streams. Let Fig. 1 . We assume that the frequency-selective channel h i,j from the jth transmit antenna to the ith receive antenna is of order L. Thus, each OFDM signal vector x k is transmitted over the frequency-selective channel. There are n r × n t frequencyselective channels between transmitter and receiver. OFDM signaling converts each frequency-selective channel vector h i,j into N s parallel subcarriers. MIMO-OFDM signaling with N s subcarriers converts frequency-selective channels into N s parallel MIMO flat-fading channel matrices
is the index of a subcarrier [23] . Let
be the transmitted symbol vector from n t transmit antennas over flat-fading channel matrix ( ) H  . Then, we have 
that corresponds to the ℓth subcarrier of the MIMO-OFDM (2), M is the cardinality of the constellation set A. Thus, the LLR metric for all N s subcarriers can be written in matrix form as follows:
.
The LLR matrix  is multiplexed circularly column-wise
, where the operator vec{ } We propose the selective retransmission of symbol vectors that are transmitted on poor-quality subcarriers at the modulation level for the aforementioned model presented in Fig. 1 . The proposed selective retransmission enhances the throughput of conventional ARQ, CC-HARQ, and IR-HARQ methods. The targeted retransmission of information symbols from the OFDM frame is based on the condition number ( )   of the channel matrix of the ℓth subcarrier.
Condition Number
The condition number is a measure of the singularity of a matrix. The large condition number of channel matrix ( ) H  of the ℓth subcarrier is an indicator that the channel matrix is nearly singular. Note that for subcarriers of large condition number, small changes in observation (measurement error due to noise) result in large changes in the estimate of the information. Furthermore, small variations in the coefficients of ill-conditioned channel matrices, due to channel estimation error, significantly impairs the performance of the receiver. The condition number ( )   of a channel matrix of a subcarrier can be written as 
where max respectively [17] . It can be seen from Fig. 2 that the cumulative distribution function (CDF) of the condition number of MIMO-OFDM channels is independent of both the number of subcarriers and the channel order of frequency-selective channels. However, the condition numbers of the channel matrices of MIMO-OFDM subcarriers improves by increasing the number of receiver antennas.
Problem Formulation
In this work, we exploit both the frequency diversity of OFDM modulation and the condition numbers of the channel matrices of subcarriers for selective retransmission of the information symbols in MIMO wireless communication systems. The spatial multiplexing of information symbols (V-BLAST) over channel matrix ( ) H  is affected by the condition number ( )   . Note that the condition number ( )   of a channel matrix is a measure of how much correlation exists among paths, and it affects receiver performance, particularly for those suboptimal receivers in the high SNR regime.
In the proposed method, we omit the retransmission of information symbols corresponding to good-quality subcarriers to avoid unnecessary retransmission of reliable subcarriers. The proposed method requests retransmission of the information symbols corresponding to those subcarriers with channel matrices of large condition number c ( )
prior to computing LLR. The receiver preserves observation of those channel matrices with high condition number selected for retransmission to compute LLR jointly. Note that targeted retransmission and joint detection for low-quality subcarriers at the modulation level is independent of conventional ARQ and HARQ (CC-HARQ and IR-HARQ) methods. Consequently, selective retransmission at the modulation layer enhances the channel quality, which results in a lower average number of conventional ARQ and HARQ frames. Let p ( ) H  be the channel matrix corresponding to the retransmitted information symbol vector ( ) b  of the MIMO-OFDM system. Due to large latency, we assume that ( ) H  and p ( ) H  are independent. Remember that ( ) H  is the channel matrix of the ℓth subcarrier of the MIMO-OFDM system during first transmission. The observation vector p ( ) z  of the retransmitted symbol vector is
where w p is a noise vector corresponding to the large condition number ( )   subcarrier from the first transmission. Thus, the joint system model for selective retransmission is
where
The objective of selective retransmission is to omit resending high-quality subcarriers, which results in increased power and bandwidth efficiency. The probability of bit error in high-quality subcarriers is very low, and their retransmission contributes to both bandwidth and energy overhead. For MIMO-OFDM systems, the joint channel matrix     corresponding to the subcarrier with large condition number during the first transmission is a block matrix of order r t 2n n  . Since there is large latency between the first transmission of the OFDM frame and subsequent selective retransmission of poor subcarriers at the modulation level, the two channel realizations are assumed to be independent. Due to the independent channel realizations of the multiple transmissions, joint detection of the retransmitted information symbols can achieve higher channel diversity, which results in a lower BER. The threshold c  on the condition number ( )   depends upon the strength of FEC.
The proposed additional retransmission at the modulation layer requires partial channel feedback, along with a NACK signal, for selective retransmission. The partial channel state information is fed back to the transmitter in terms of the bitmap vector of N s bits. Each bit in the bit-map vector is an indicator whether to retransmit information corresponding to its subcarrier. The transmitter can append retransmitted information symbols to the new MIMO-OFDM frame at a predetermined location. For example, a retransmitted symbol vector can be appended to the beginning of an OFDM symbol. Furthermore, it can be observed from the condition number of a realization of the MIMO-OFDM channel in Fig. 3 that feedback information can be reduced by forming clusters of condition numbers of subcarriers. The receiver assigns one feedback bit to each cluster, resulting in less feedback. The clusters of high condition numbers cause burst error and eventually affect the error-correcting capability of the FEC. To mitigate the effect of such clustering, we use BICM [21] to disperse bit errors. Note that for MIMO-OFDM systems, the condition number ( )   is a measure of the channel quality for selective retransmission. Figure 3 also reveals the impact of the condition number of the channel matrices of subcarriers on the receiver performance of MIMO-OFDM systems. In Fig. 3, we consider the slicer error,
quality measure of a MIMO-OFDM subcarrier. The norm of the slicer error, ||e s ||, is higher for subcarriers that have a large condition number; this is in spite of the higher channel norm
for Rayleigh-fading channels. Therefore, retransmission of subcarriers with large condition numbers is more effective when trying to enhance the channel quality.
The forward-error decoding algorithms process soft information (log-likelihood) to decode information bits. The complexity of the ML receiver to evaluate LLR increases exponentially by increasing the number of transmitting antennas, n t . However, the computational cost of the LLR for joint detection from two transmissions of a low-quality subcarrier is very close to that of single transmission. The ML detection of a MIMO receiver with single transmission is itself prohibitively complex. Therefore, suboptimal receivers, such as MMSE-or ZF-based demodulation of MIMO BICH [24] , offer a trade-off between complexity and performance. In this work, we consider both optimal and suboptimal receivers for selective retransmission over a MIMO-OFDM channel. In our simulation analysis, we compare the performances of the optimal and suboptimal receivers to observe the efficacy of the proposed method. Next, we provide an overview of the BICM-OFDM receiver, with a particular focus on selective retransmission at the physical-layer level.
III. BICM-OFDM Receiver and Throughput
In this section, we discuss optimal and suboptimal LLR computation and throughput of selective retransmission for MIMO-OFDM systems.
BICM-OFDM Receiver
We discuss both an optimal and a suboptimal LLR computation of a MIMO system employing OFDM signaling. In Section II, we discuss a MIMO-OFDM model that implements the selective retransmission scheme. An FEC decoder processes LLR vector  to estimate information bits. The low-complexity suboptimal approaches to compute LLR [25] - [26] at the expense of performance. It is clear from (7) that the selective retransmission does not cause a significant increase in the complexity of the ML method of LLR computation as compared to that caused by a single transmission. Now, we discuss the LLR computation of ML, ZF, and MMSE receivers.
Consider the MIMO-OFDM system with BICM over a frequency-selective channel, shown in Fig. 1 , with n t transmitting antennas and n r receiving antennas. There are N s information symbol streams The complexity of the ML bit metric (:, )   of a MIMO-BICM system with n t transmit antennas is t .
the approximate LLR [25] of the ith bit of the ℓth OFDM stream is
The linear LLR metric calculation methods such as ZF and MMSE [25] - [26] 
The covariance matrix of ( ) 
Thus, the LLR metric for the MMSE receiver is 
Throughput Under Selective Retransmission
In this section, we discuss the throughput of conventional ARQ and HARQ methods under selective retransmission for MIMO-OFDM systems. In this investigation, we consider only one selective retransmission of poor subcarriers of each OFDM frame. That is, each subcarrier is evaluated for retransmission based on the condition number of its channel matrix. Even after the selective retransmission of the poor subcarriers, there is a chance that the condition number of the newly stacked, taller channel matrix, ( )   , is greater than c  , as shown in Fig. 2 .
An extension to multiple selective retransmissions to further improve the condition number is straight forward. After the single retransmission of poor-quality subcarriers of an OFDM frame, the demodulator jointly computes the LLR of the received bits from the observation vector r 2 1 ( )
. Note that for good-quality subcarriers, the receiver computes the LLR of the received bits from the vector r 1 ( ) n   z   . The LLR vector  is an input vector to the FEC decoder and can be computed using the optimal (ML) and suboptimal (ZF and MMSE) methods discussed in Section III-1. The selective retransmission at the modulation layer enhances the channel quality for conventional ARQ and HARQ methods, which results in fewer retransmission requests.
We denote the ARQ method with selective retransmission at the modulation layer enabled, by S-ARQ. The CC-HARQ and IR-HARQ methods when selective retransmission at the physical layer is active are denoted by SCC-HARQ and SIR-HARQ, respectively. We also denote CC without FEC as CC-ARQ.
The throughput of ARQ and HARQ methods can be evaluated from the BER of the receiver. Let P be the probabilities of receiving an error-free packet and an erroneous packet, each of length L P , during the first transmission, respectively, with a BER probability of 1 b , P under the assumption that the probability of a bit to be erroneous is independent of the other bits in the frame. Similarly, )
Note that for simple ARQ, retransmission is enabled at the modulation level, we denote the overhead due to selective retransmission by m. The targeted retransmission improves the BER of the receiver. The throughput of a receiver, η, is the ratio of error-free received bits, k, to the total number of bits transmitted, n  , to deliver k bits. Under selective retransmission at the modulation level with overhead m, we have
Note that (17) provides the throughput of the S-ARQ method.
For m = 0, S-ARQ becomes the conventional ARQ method. To compute T a from (16) for the ARQ and S-ARQ methods, 1 2 c c .
In SCC-HARQ, selective retransmission is enabled to improve the channel quality for CC-HARQ. Let R be the code rate of FEC for the CC-HARQ method. With m as overhead due to selective retransmission, we have
  be the integer and fractional parts of the average number of transmissions to receiver error-free k bits, respectively. For IR-HARQ with rate R 1 and R 2 under selective retransmission (SIR-HARQ), we have
and 2 1 2 1
The throughput of the receiver is k n    , where we compute n  using (17), (18), (19) , or (20) depending upon the retransmission method. For the throughput of a receiver without selective retransmission, m = 0. For selective retransmission, the receiver evaluates the condition numbers for N s matrices of order n r × n t , where n t and n r are the number of transmit and receive antennas, respectively.
The complexity of computing singular values is   
IV. Simulations
Now, we are ready to present the performance of our proposed selective retransmission method embedded at the modulation layer. We present the efficacy of the selective retransmission method with respect to BER for a given MIMO-OFDM system and throughput gain as compared to Chase-combining without FEC (CC-ARQ). The throughput gain of a conventional ARQ with selective retransmission enabled (S-ARQ) over simple ARQ is presented in this section. We also provide a comparison of the throughput between SIR-HARQ and conventional IR-HARQ. Note that SIR-HARQ is actually IR-HARQ with selective retransmission enabled at the modulation layer. In the simulation setup, we consider the block-fading frequency-selective Rayleigh fading channel. The path gains of the MIMO channel are independent and identically distributed with zero mean and unit variance. We consider MIMO-OFDM modulation with N s = 648 subcarriers. Note that the conventional retransmission methods, such as CC-HARQ and IR-HARQ, are unaware of the proposed selective retransmission at the modulation layer. We encode information bits with LDPC code at rates R 1 = 3/4 and R 2 = 1/2 for IR-HARQ. The code rate of the first transmission is R 2 = 1/2. In the case of NACK, the transmitter sends more parity information, which results in a low code rate of R 2 = 1/2. We use the sum-product algorithm with 50 iterations to decode information bits for coded selective HARQ. We compare the BER of the selective retransmission (S-ARQ) with the full retransmission (CC-ARQ) to study the efficacy of the proposed method for optimal (ML) and suboptimal (ZF and MMSE) detection with and without FEC codes. The objective of this investigation is to present low-complexity power and bandwidth-efficient transceiver design. First, we present a BER performance comparison of the selective retransmission and CC without FEC with optimal (ML) and suboptimal receivers. This comparison reveals that a full retransmission is unnecessary to recover packet errors. Targeted retransmission achieves a BER performance equivalent to that of a CC. This is due to the fact that for a given noise strength, the probability of error in the decoded bits corresponding to the subcarriers of channel matrices with large corresponding condition number is higher. The proposed retransmission approach targets information corresponding to   Figure 4 compares the BER performances of a selective retransmission with CC for a ZF receiver. The condition number of the MIMO channel has a significant impact on the performance of suboptimal receivers as compared to optimal detection [16] .
The simulation results reveal that by retransmitting 49% of the information bits, which correspond to the information symbols retransmitted over subcarriers of corresponding condition number c ( ) 3, κ     the performance gap between full retransmission and selective retransmission is marginal. This performance gap diminishes in high SNR regimes. A similar behavior can be observed for an MMSE receiver, as shown in Fig. 5 . Figure 6 compares the throughput of the proposed method (S-ARQ) for suboptimal receivers (ZF and MMSE) with CC-ARQ without FEC. Note that we decrease the information in the retransmitted frame as E b /N 0 increases. It can be observed that S-ARQ provides significant throughput gain over CC-ARQ. The throughput of the conventional ARQ method is much lower than that of S-ARQ and CC-ARQ. This is due to the fact that the ARQ method does not save observations from the first transmission; hence, it does not perform joint detection. The throughput of S-ARQ is better than CC-ARQ for E b /N 0 in the range of 15 dB to 35 dB. Figure 6 also shows that the throughput of the ZF and MMSE suboptimal receivers is similar.
To observe the impact of feedback information on the throughput of the proposed method for selective retransmission, we consider a 7-tap MIMO channel model for LTE [29] with 10 MHz bandwidth and 256 subcarriers. Note that the condition number of the MIMO-OFDM subcarrier channel matrix is sensitive to agitation. In the simulation setup, we update the condition numbers after every 15 OFDM symbols for a Doppler frequency of 30 Hz. That is, 256-bit channel feedback information is sent to the transmitter after every 15 symbols for selective retransmission. For 4-QAM constellation, for one bit transmitted to the receiver, there is an overhead of 0.03 bits in the feedback path. Figure 7 shows the impact of channel feedback information on the throughput for the MMSE receiver under a Doppler frequency of 30 Hz. Simulation results reveal that the impact of this feedback information on the throughput is marginal. The channel feedback has more impact on the throughput at higher E b /N 0 . We also observed a similar trend for the ZF receiver. Next, we discuss the BER performance and throughput of the ML receiver for MIMO-OFDM systems. Figure 8 shows the BER performance of the ML receiver for a single transmission, S-ARQ, and CC. The BER improvement in Fig. 8 shows that the BER gap between full retransmission and selective retransmission with an optimal receiver is larger as compared to suboptimal receivers (ZF and MMSE), as shown in Figs. 4 and 5. The throughput of the CC-ARQ and S-ARQ methods with an ML receiver is compared in Fig. 9 . It can be observed from Fig. 9 that the S-ARQ http://dx.doi.org/10.4218/etrij.15.0114.0050 method with MMSE receiver achieves an equivalent throughput of CC-ARQ with ML receiver. It can be noticed that retransmission using the condition number is more effective for low-complexity suboptimal receivers. The throughput comparison of conventional IR-HARQ and SIR-HARQ is presented in Fig. 10 . Note that SIR-HARQ is conventional IR-HARQ with selective retransmission enabled at the modulation level. In SIR-HARQ, first, one round of selective retransmission is completed at the modulation layer using the condition number as the retransmission criterion. Then, LLR is computed for the FEC decoder. The selective retransmission significantly improves LLR and provides good channel quality to the conventional HARQ methods. A throughput comparison between IR-HARQ and SIR-HARQ is provided in Fig. 9 . SIR-HARQ with ML receiver also provides a throughput gain over the conventional IR-HARQ. Figure 10 also compares the throughput gap between the ML and MMSE receivers. The throughput of the ML receiver is higher than that of the MMSE receiver for both IR-HARQ and SIR-HARQ.
V. Conclusion
This work presented a selective retransmission method for MIMO-OFDM systems using the condition numbers of the channel matrices of subcarriers as its retransmission criterion. The targeted retransmission at the modulation layer is independent of conventional ARQ and HARQ methods and provides enhanced channel quality for conventional ARQ and HARQ schemes. We present a BER and throughput analysis for optimal and suboptimal receivers and compare the performance of selective ARQ and selective HARQ methods with conventional ARQ and HARQ methods. The simulation results demonstrate a significant throughput improvement in conventional ARQ and HARQ methods when selective retransmission is enabled. The proposed method can be customized to improve the throughput of the link for an application based on the BER requirement and strength of FEC.
